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FIGURE 2. Water in a cylinder ex-
actly fills three cones whose base and
height are identical to the base and
height of the cylinder.

the culmination of years of consideration of increasingly sophisticated
geometrical topics. When a student finally sees the full justification of
the formula for the volume of a cone or a sphere, it should be a peak
experience, fulfilling a promise implicit in all the experiences he or she
has had with cones and spheres all the way through school, beginning
in kindergarten.

FroebeFs young students spent a great deal of time pouring water
and sifting sand. Differently shaped containers held different amounts,
so a student would gradually learn common relationships without even
thinking of writing them down. For example, how many conical cups
can be filled from the water in a cylindrical cup with the same height
and the same base? With a rack of such cups (Figure 2), any student
can perform the experiment. The cylinder fills three cups.

We can test this over and over again with different heights and dif-
ferent circular tops. Only later, after the student is familiar with the
language of fractions, need this relationship be stated in terms of one
volume being one-third of another. Still later, that relationship can be
expressed by a formula: the volume of the cone is one-third the area of
the base multiplied by the height.

By this time that relationship should already have been observed in
other shapes. Three square-based pyramids can be filled with the sand
from one square prism of the same base and height (Figure 3). Even
if the base is irregular, this relationship is true. We don't even have to
have the center of the cone over the center of the base, assuming that
the base even has a center! All this understanding can take place before
the student has even seen a fraction, let alone a number like n.

FIGURE 3. Water in a prism exactly fills three pyramids whose
base and height match those of the prism. This relation holds even
for prisms and cones with irregular bases and can be discovered
by young children just by pouring water or sand.